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Department of Physics, University of Massachusetts,
Amherst, MA 01003, USA
Of the contributions to the cosmological constant, zero-point energy and self energy contributions
scale as Λ4 where Λ is an ultraviolet cutoff used to regulate the calculations. I show that such
contributions vanish when calculated in perturbation theory. This demonstration uses a little-known
modification to perturbation theory found by Honerkamp and Meetz and by Gerstein, Jackiw, Lee
and Weinberg which comes into play when using cutoffs and interactions with multiple derivatives,
as found in chiral theories and gravity. In a path integral treatment, the new interaction arises from
the path integral measure. This reduces the sensitivity of the cosmological constant to the high
energy cutoff significantly, although it does not resolve the cosmological constant problem. The
feature removes one of the common motivations for supersymmetry. It also calls into question some
of the results of the Asymptotic Safety program. Covariance and quadratic cutoff dependence are
also briefly discussed.
PACS numbers:
I. CUTOFFS AND ZERO-POINT ENERGY
In regularizing quantum field theories, dimensional
regularization is the most common and useful choice,
partially because it preserves all the symmetries of the
theory. However, cutoffs also plays a role in our thinking
about physics. Part of this is the legacy of the history
of cutoff regularization. But there is also some genuine
physics involved. We think of effective field theories as
being valid up to some energy scale, and a cutoff can
parameterize this limit of validity of the effective field
theory. In addition, running couplings depend on the en-
ergy scale and cutoffs are sometimes used in their descrip-
tion. But if we are to use cutoffs, our thinking should be
aligned with the underlying calculations. In this paper, I
describe how direct calculations of the cosmological con-
stant using a cutoff differ from our common description,
and show the need for a new interaction term when using
cutoffs with gravity.
In discussing the cosmological constant problem, we
note that Λcc corresponds to the vacuum energy density,
for which there are many contributions. One which is
normally mentioned is the zero-point energy. When cal-
culated for a scalar field, using canonical quantization
one writes
E0 =
∫
d3p
(2pi)3
1
2
ωp ∼ 1
16pi2
Λ4 (1)
where in the second form I have cutoff the divergent
momentum integral at a scale Λ. (Unfortunately, the
standard convention is to call both the vacuum energy
and the cutoff by the symbol Λ. I will always put the
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cc subscript on the cosmological constant, i.e. Λcc).
Since the measured value of the cosmological constant
is Λcc ∼ (10−3 eV)4 and we might trust the zero-point
energy calculation up to the Planck mass, this leads to
the common complaint about this being the “worst pre-
diction ever - failing by 120 orders of magnitude”. One
of the motivations for supersymmetry is to cancel these
effects by having equal numbers of boson and fermion
degrees of freedom.
This calculation is inadequate, as it is not covariant.
Indeed if we calculate all the components of the energy
momentum tensor using canonical quantization, we find
the Λ4 contribution to the vacuum values is
Tµν |0 = diag(1, 1
3
,
1
3
,
1
3
)× 1
16pi2
Λ4 (2)
such that this divergent part of the vacuum value is trace-
less, ηµνTµν |0 = 0. Since the contribution to the cosmo-
logical constant can equally be identified with the trace
of the energy momentum tensor
Tµµ = 4Λcc , (3)
we could equally well conclude that this contribution to
the cosmological constant is zero. The second quantiza-
tion calculation of the zero-point energies and momenta is
not compatible with Lorentz invariance of the vacuum.
The point is that covariance requires an effect propor-
tional to ηµν .
The covariance problem can be resolved by using quan-
tum field theory to calculate the contribution to the cos-
mological constant. The cosmological constant appear in
the gravitational action as
Sgrav =
∫
d4x
√−g
[
−Λcc + 2
κ2
R+ ...
]
=
∫
d4x
[
−Λcc
(
1 +
1
2
ηµνhµν
)
+ ...
]
(4)
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2where the expansion of gµν = ηµν + hµν has been used,
and κ2 = 32piG. The coupling of hµν to matter has the
form
Lint = −1
2
hµνT
µν . (5)
To first order in hµν the contribution to the cosmological
constant then can be identified via the tadpole loop dia-
gram which is illustrated in Fig. 1a. Using a minimally
coupled scalar particle in the loop we find the effect
∆L = −i1
2
hµν ×
∫
d4p
(2pi)4
2pµpν − ηµν(p2 −m2)
p2 −m2 + i
= −i1
2
hµνη
µν
∫
d4p
(2pi)4
1
2p
2 − (p2 −m2)
p2 −m2 + i
∼ −1
2
hµν × ηµν 1
64pi2
Λ4 (6)
yielding the covariant definition of this contribution
Λcc ∼ 1
64pi2
Λ4 . (7)
FIG. 1: The tadpole diagrams (a) and (b) and the bubble
diagram (c). The solid line is the scalar field and the dashed
line is the metric field.
However, in this paper I will show that even the above
QFT calculation is wrong - that in fact there are no per-
turbative Λ4 contributions to the cosmological constant
at all!. The demonstration is an outgrowth of a little-
known feature about the use of perturbation theory when
using cutoffs in situations where the interactions are pro-
portional to the derivatives of fields. In the context of
chiral theories, Honerkamp and Meetz [1] and Gerstein,
Jackiw, Lee and Weinberg [2] (GJLW) showed that theo-
ries with derivative-based interactions have a new ingre-
dient in the Feynman rules that is relevant when using
cutoffs[15]. In a covariant path integral treatment, that
interaction is part of the path integral measure. This
exactly cancels the quartic Λ dependence in loops. A
similar effect appears in gravity. The new interaction is
proportional to iδ4(0) log det(−gµν), where δ4(0) is δ4(x)
evaluated at x = 0, and is relevant in any regularization
scheme where the regularized value of δ4(0) is non-zero.
II. SCALAR FIELDS- SIMPLIFIED METRIC
Here let us consider a massless scalar field, with the
action
S =
∫
d4x
√−g 1
2
gµν∂µφ∂νφ . (8)
The mass term will be discussed separately below.
A. Simplified metric
In this section, I will illustrate the physics involved
using a simplified metric.
gµν(x) = (1 + h(x)) ηµν , (9)
This choice is motivated by the fact that one can directly
use the results of GJLW [2] without any need for new
derivations, and that the results emerge simply. While
we can keep in mind that this follows from a generally co-
variant action, the result can be treated in perturbation
theory using ordinary Minkowski space field theory. It is
just an ordinary field theory with a derivative coupling
between the scalar field and the background field h(x).
Moreover this metric is general enough that we can iso-
late the cosmological constant contribution cleanly. So
overall we can see the essential physics in this example,
without any elaboration of the formalism. After we see
the underlying physics in this pedagogic example, we can
readily understand the more general cases. By general
covariance, the results which are shown using this metric
will also yield the same result with a more general metric.
With this choice of metric, we have the following rela-
tions
√−g = (1 + h(x))2 (10)
and
√−gR = 3
2
∂µh∂
µh
1 + h
− 32h . (11)
The important feature here is that we can recognize the
effects of these two terms through their derivative struc-
ture. Renormalization of the vacuum energy involves the
metric field h with no derivatives. Renormalization of the
Newton constant involves two derivatives of h. At the or-
der of curvature squared, there are in general two invari-
ants in the 4D action and we can recover only one invari-
ant, R2, because this metric satisfies RµνR
µν − 13R2 = 0.
However, since our primary focus is on the cosmological
constant, this metric is general enough for our purposes.
The massless scalar field action involves
√−gL = 1
2
√−ggµν∂µφ∂νφ
=
1
2
(1 + h(x)) ∂λφ∂λφ . (12)
3The coupling of the field h to the scalar involves two
derivatives, and this is the feature which generates the
non-standard features in the Feynman rules.
The action is has no dimensional parameters. Using
a cutoff adds a mass dimension to the theory which was
not there originally. If we were investigating physical
observables in this theory, it would be sufficient to use
dimensional regularization, which seems better suited for
a massless theory. However, lets see what happens with
the use of a cutoff.
B. Canonical quantization
The key new ingredient here is the fact that when the
interactions contain derivatives, the canonical momen-
tum is changed,
Π(x) =
∂L
∂φ˙
= (1 + h(x)) φ˙ (13)
When forming the interaction Hamiltonian and going to
the interaction picture, this induces a new interaction.
As for the new interaction, here is a brief review of the
GJLW results using their notation, after which we will
revert to the special case for the gravitational interaction.
The authors start with a Lagrangian for multiple fields
pia(x)
L = 1
2
Gab(pi)∂µpi
a∂µpib (14)
with
Gab(pi) = δab + G¯ab(pi) . (15)
The canonical momentum is
Πa(x) =
(
δab + G¯ab(pi)
)
∂0pi
b(x) . (16)
Forming the Hamiltonian yields
H = H0 +HI
H0 = 1
2
ΠaΠa + ∂ipi
a∂ipi
a
HI = −LI − 1
2
∂0pi
aG¯2ab∂0pi
b (17)
with the standard interaction Lagrangian
LI = 1
2
G¯ab(pi)∂µpi
a∂µpib . (18)
Now in going to the interaction picture we identify
pia → φa
Πa → ∂0φa (19)
where φa is the interaction picture field. The resulting
perturbative Hamiltionian is
HI = −1
2
G¯ab∂µφ
a∂µφb +
1
2
∂0φ
a
[
G¯2
1 + G¯
]
ab
∂0φ
b . (20)
The first term yields the usual perturbative expansion.
The second term is new. If we specialize the the special
metric that we are studying, the equivalent form is
HI = −1
2
h∂µφ∂
µφ+
1
2
∂0φ
[
h2
1 + h
]
∂0φ . (21)
The new term starts at second order in h.
In addition, the propagator functions pick up a mod-
ification when multiple derivatives are included. If we
define
∆(q) =
∫
d4xeiqx〈0|Tφ(x)φ(0)|0〉
∆µ(q) =
∫
d4xeiqx〈0|T∂µφ(x)φ(0)|0〉
∆µν(q) =
∫
d4xeiqx〈0|T∂µφ(x)∂νφ(0)|0〉 (22)
then the first two have the usual form, but the third has
a modification due to the time ordering
∆(q) =
i
q2 + i
∆µ(q) =
iqµ
q2 + i
∆µν(q) =
iqµqν
q2 + i
− iηµ0ην0 (23)
The non-standard term in the propagator follows from
the commutation rules for the interaction picture field φ.
While various steps are not Lorentz covariant, the final
results will be.
Let us calculate the loop contribution to the cosmo-
logical constant. The tadpole diagram with one external
factor of h, Fig. 1a, is now
− iM = i
∫
d4p
(2pi)4
[
p2
p2 + i
− 1
]
. (24)
The first term is the usual Feynman rule. The second
comes from the extra piece in the propagator of Eq. 23.
One sees that they cancel.
Let us confirm this result by looking at diagrams with
two factors of h. The treatment here is more subtle be-
cause it involves the new non-standard interaction of Eq.
21. The bubble diagram, Fig. 1(c), contributes
ΣB(q) =
1
2
∫
d4p
(2pi)4
[
(p · (p− q))2
p2(p− q)2 − 2
p0p0
p2
+ 1
]
(25)
with the first term being the standard interaction and the
others coming from the propagator modification. There
is also a tadpole diagram with two factors of h, Fig.
1(b), coming from the non-standard interaction which
contributes
ΣT =
∫
d4p
(2pi)4
[
p0p0
p2
− 1
]
. (26)
4These sum to
Σ(q) =
1
2
∫
d4p
(2pi)4
[
(p · (p− q))2
p2(p− q)2 − 1
]
. (27)
As expected the non-covariant terms cancel. It is easy to
verify that the quartic cutoff dependence in this expres-
sion vanishes. In addition, we have
Σ(q = 0) = 0 (28)
which implies that the interaction without derivatives
vanishes. This is consistent with the vanishing of the
single h tadpole diagram which we found above in Eq.
24.
C. Field redefinition
This result can be understood without even calculating
it explicitly. We can see from the action, Eq. 12, that
if the metric field h was a constant, the pre-factor would
be absorbed into the normalization of the field φ. In
the wavefunction renormalization process one absorbs an
overall factor into the normalization of the field
1
2
Z∂µφ∂
µφ→ 1
2
∂µφ
r∂µφr . (29)
Even if we did not do this explicitly, the quantization
process would take care of the normalization when one
defines normalized states. To the extent that 1 + h is
a constant, that should happen in a consistent quanti-
zation. To the extent that 1 + h is not a constant, the
theory should depend on the derivatives of h(x)
One can see this explicitly through a field redefinition
- specifically a local wavefunction renormalization. For
a general h(x) the interaction pre-factor can be removed
by a field redefinition
φ =
1√
1 + h
χ . (30)
This transforms the original Lagrangian into
L = 1
2
[
∂µχ∂
µχ− χ∂µχ ∂µh
1 + h
+
1
4
χ2
∂µh∂
µh
(1 + h)2
]
. (31)
In this form, we can see that all of the interactions of
the metric field h involve its derivatives ∂µh. Since we
are only studying loops of the scalar particle, there is
no chance of removing this derivative factor. Thus loops
will not generate the vacuum energy term which involves
only powers of h without derivatives.
This form of the action also involves a derivative in-
teraction , which in this case is linear in the derivative
of χ. This is similar to scalar QED which also has a
linear derivative interaction. Investigations of canonical
quantization of scalar QED show that the non-standard
vertex which follows from the derivative interaction gets
canceled by the non-standard term in the propagator,
Eq. 23 (e.g. see [3]). We can proceed without concern in
this case. Equivalently we could use integration by parts
to remove the ∂µχ interaction, which yields
L = 1
2
[
∂µχ∂
µχ− 1
6
χ2(−g)1/4R
]
. (32)
where we have identified the scalar curvature for this par-
ticular metric, Eq. 11. In this form it is clear that the
cosmological constant term will not be generated by loops
of the scalar field.
D. Covariant quantization
Canonical quantization is awkward for this problem,
as it leads to non-covariant interactions and propagators.
However, there exists a covariant version also, in which
one uses only the usual covariant propagators. It how-
ever involves a new interaction term which accounts for
the effects of both the non-standard propagators and the
non-standard interaction discussed above. In the nota-
tion of GJLW, this has the form
∆L = −1
2
iδ4(0) Tr log
[
1 + G¯(φ)
]
. (33)
Here δ4(0) is to be identified with
δ4(0) =
∫
d4p
(2pi)4
= i
1
32pi2
Λ4 (34)
when using cutoff regularization. This factor vanishes
in dimensional regularization as it is a scaleless integral.
For our simplified metric, one has
∆L = −1
2
iδ4(0) log [1 + h(x)] . (35)
The GJLW derivation is direct in accounting for the
non-standard features starting from the Hamiltonian for-
malism. However it is somewhat convoluted. For the
present case, it is easier to mimic the technique of Hon-
erkamp and Meetz [1] (see also DeWitt [4], Boulware [5]
and Salam and Strathdee [6]) . This follows from the ob-
servation of subsection II C that in the representation of
Eqs. 31, 32 there is no need for any alternate rules. Us-
ing the path integral in Lagrangian form, one can then
transform back from the field variables χ to φ. In the
path integral, this comes with a Jacobian factor∫
[dχ] =
∫
[dφ] J . (36)
Here we start with the transformation
D(x, x′) =
δχ(x)
δφ(x′)
= δ4(x− x′)∂χ
∂φ
(x) (37)
Because there are no derivatives involved, the Jacobean
factor is local in the coordinate representation
J = Det [D(x, x)] (38)
5where Det implies the functional determinant. Exponen-
tiation of this factor is then accomplished via
J = DetD = eTr logD . (39)
Evaluating this we find
logD(x, x′) = δ4(x− x′) log
√
1 + h(x) , (40)
such that
J = DetD = eδ
4(0)
∫
d4x log[(1+h)1/2] . (41)
The δ4(0) factor arises from the locality in x of Eq. 38.
This yields the new interaction in the Lagrangian.
Use of this interaction then accounts for the removal
of the Λ4 factors that were previously accomplished by
the non-standard Hamiltonian interactions. Once can see
this most simply in the linear term in h, which amounts
to
1
2
iδ4(0) = − 1
64pi2
Λ4 (42)
cancelling the quartic contribution to the cosmological
constant.
E. Quadratic cutoff dependence and masses
This demonstration should not be taken to mean that
cutoffs cannot lead to the renormalization of the cosmo-
logical constant. When the particle’s mass is not zero,
there will be a quadratic cutoff dependence in the renor-
malization
δΛcc ∼ m2Λ2 . (43)
This can be seen simply in our calculation of the tadpole
diagram. The Lagrangian with a mass term is
√−gL = 1
2
√−g [gµν∂µφ∂νφ−m2φ2] (44)
=
1
2
[
(1 + h(x)) ∂λφ∂λφ−m2 (1 + h(x))2 φ2
]
The tadpole diagram now becomes
−iM = i
∫
d4p
(2pi)4
[
p2 − 2m2
p2 −m2 + i − 1
]
= i
∫
d4p
(2pi)4
[ −m2
p2 −m2 + i
]
. (45)
The last integral is quadratically divergent.
The renormalization of cosmological constant can also
be seen using the field transformed version of the action.
Including a mass term has the effect that the rescaling
of fields from φ→ χ now leaves behind a non-derivative
interaction. After the rescaling of the field, we find
√−gL = 1
2
∂µχ∂
µχ− 1
2
χ∂µχ
∂µh
1 + h
+
1
8
χ2
∂µh∂
µh
(1 + h)2
− 1
2
m2(1 + h)φ2 . (46)
In the loop diagrams there will now be a residual non-
derivative interaction proportional to m2Λ2.
III. SCALARS - GENERAL METRIC
The analysis of the previous section contains the in-
gredients for the treatment of a general metric. For any
metric, we can always divide the metric into an overall
conformal factor and a unimodular metric
gµν(x) = Ω
2(x)g¯µν (47)
with
det g¯µν = −1 . (48)
In this division, we have
− det gµν = Ω8 . (49)
The scalar field Lagrangian is now
S =
∫
d4xΩ2
1
2
g¯µν∂µφ∂νφ
= −
∫
d4xΩ2
1
2
φD2φ , (50)
with
D2 = ∂µg¯
µν∂ν +
2
Ω
(∂µΩ) g¯
µν∂ν . (51)
The goal of our study, the cosmological constant term,
is given uniquely by the conformal factor∫
d4x
√−gΛcc =
∫
d4x Ω4Λcc . (52)
The correspondence with the specialized metric is
1 + h(x)→ Ω2 . (53)
The new interaction becomes
∆L = −1
2
iδ4(0) log [1 + h(x)]
→ −iδ4(0) log [Ω)]
= −i1
8
δ4(0) log [−det gµν ] . (54)
Here det refers only to the determinant over the Lorentz
indices, as in g = det gµν .
We can verify that this factor removes the contribu-
tion to the cosmological constant through a path integral
treatment. The path integral with the Jacobean included
is∫
[dφ]Det(−g) 18 ei
∫
d4x
√−gL =
∫
[dφ](DetΩ)e−i
∫
d4x Ω2φD2φ .
(55)
Within D2 there are only derivative interactions of Ω so
that these terms cannot lead to a change in the cosmo-
logical constant. Doing the path integral we obtain
(DetΩ)
1
(DetΩ2D2)
1
2
=
1
(DetD2)
1
2
. (56)
Here we see how the path integral accomplishes the lo-
cal wavefunction renormalization - the overall factors of
Ω cancel. There is no modification of the cosmological
constant term.
6IV. FERMIONS
There is a related discussion for fermions. First we can
examine the situation with the simplified metric. The
massless action involves
√−gL = (1 + h) 32 ψ¯
[
iγµ
(
∂µ − 1
8(1 + h)
σµν(∂
νh)
)]
ψ
(57)
where the second term is the spin connection term in this
metric.. The spin connection term in the Lagrangian in-
volves the derivative of the metric, so that we will not
display this piece when discussing the cosmological con-
stant. The propagator rules which we need are
iS(q) =
∫
d4xeiqx〈0|T |ψ(x) ¯ψ(0)|0〉
iSµ(q) =
∫
d4xeiqx〈0|T∂µψ(x) ¯ψ(0)|0〉 (58)
with the representation
iS(q) =
i
/q + i
iSµ(q) =
qµ
/q + i
− γ0δµ0 (59)
The unconventional extra term follows from the commu-
tation rules for fermions.
From the Lagrangian and the propagators we can cal-
culate the loop correction to the cosmological constant
by looking at the linear term in h(x) via the tadpole di-
agram of Fig. 1a. One obtains
δL = 3
2
ih
∫
d4q
(2pi)4
[
/q
/q + i
− 1
]
. (60)
As before this gives a null result for the Λ4 contribution
to the cosmological constant. (Adding a mass will lead
to quadratic cutoff dependence.)
When we go to a generic metric, we can again use the
decomposition of Eq. 47. The Lagraingian is now
√−gL = Ω3ψ¯
[
ie¯µaγ
a∂µ +
1
4
σbcA
bc
µ
]
ψ (61)
where e¯µa is the vierbein for the unimodular metric and
Abcµ = A¯
bc
µ +
1
Ω
(
ebµe
aλ − eaµebλ
)
∂λΩ (62)
is the spin-connection, with A¯bcµ being the spin connection
formed using the unimodular metric with no factors of
Ω. Again the spin connection contains derivatives of the
metric and can be neglected for our purposes. The con-
formal factor without derivatives can be removed from
the action by the local wave function renormalization
η(x) = Ω
3
4ψ , (63)
which allows us to use conventional Feynman rules and
agree with the non-renormalization of the cosmological
constant. By our previous work this leads to the appro-
priate measure
dψdψ¯ det [Ω]
3
2 = dψdψ¯ [−det gµν ]
3
8 . (64)
Exponentiating this leads to the novel interaction term
∆L = −i3
8
δ(0) log(−g) . (65)
V. PHOTONS
With photons the vanishing of the contribution to the
cosmological constant is most easily seen by going di-
rectly to the general metric. In this case,
√−gL = Ω4Ω−4g¯µαg¯νβFµνFαβ (66)
so that the conformal factor totally disappears from the
action. In the gauge fixing term
√−gLg.f. =
√−g 1
2ξ
(gµνDµAν)
2
. (67)
the overall factor of Ω also vanishes. The connection
only contains derivatives of the metric. These will gen-
erate only powers of the curvatures, which are formed
using derivatives of the metric. Given that the 4D ac-
tion of photons coupled to gravity does not contain any
overall factors of Ω, there can be no shift in the cosmolog-
ical constant from photon loops in any 4D regularization
scheme.
VI. GRAVITONS
This analysis can be extended to gravitons themselves
by use of the background field method. In this case we
use the metric
gµν = Ω
2g¯µν + κhµν = g˜µν + κhµν (68)
where hµν is the quantum field, κ
2 = 32piG, and again
g¯µν is unimodular. If we work in the harmonic gauge,
the Einstein Lagrangian becomes
√−g 2
κ2
R =
2
κ2
Ω4R˜+ Ω−2
[
2R˜µνh
µνhνα − R˜µνhµαhαα
+
1
2
hµν,αh
µν,α − 1
4
hµµ,αh
ν,α
ν
]
(69)
up to quadratic order in hµν . Here the displayed indices
are now raised and lowered with the unimodular metric
while the covariant derivatives are defined using the full
background metric g˜µν .
7At this stage, the quantum part of the metric hµν is an
ordinary quantum field. The various aspects of our treat-
ment of the matter fields can readily be repeated. In the
canonical treatment, there is the propagator modification
∆µναβγδ(q) =
∫
d4xeiqx〈0|T∂µhαβ(x)∂νhγδ(0)|0〉 (70)
which in harmonic gauge becomes
∆µν(q)αβγδ = Pαβγδ
[
iqµqν
q2 + i
− iηµ0ην0
]
(71)
where
Pαβγδ =
1
2
[ηαγηβδ + ηαδηβγ − ηαβηγδ] . (72)
Using the simplified metric one can see that the renor-
malization of the cosmological constant vanishes in the
same way as with matter fields. In the covariant method
the new interaction is
∆L = i1
8
δ(0) log(−g˜) . (73)
The ghost Lagrangian involves a fermionic vector field,
ηµ. The action has no overall factors of Ω and therefor
only contains derivative interactions
√−gLgh =
√−gη∗µ (ηλµ,λ −Rµνην)→ η∗µ (ηλµ,λ − R˜µνην)
(74)
where in the last expression the indices are raised and
lowered with the unimodular metric. Much like the pho-
ton case, loops of the ghosts can only generate renor-
malization of curvatures which contain derivatives of the
metric, and not the cosmological term.
VII. POWER-LAW CUTOFFS AND GENERAL
COVARIANCE
Momentum space cutoffs don’t respect diffeomorphism
invariance. Given the possibility of rescaling coordinates
and momenta, it becomes ill-defined in which coordinate
system the cutoff should be applied. Under the rescaling,
the value of the cutoff will change.
There is an example which can be extracted from the
work above which illustrates this. The transformed in-
teraction used above in subsection II C can be put in the
form of Eq. 32. Note the (−g)1/4 instead of √−g.
At one loop, the tadpole diagram will yield a quadratic
cutoff for the scalar curvature, of the form
∼ Λ2(−g)1/4R (75)
from the tadpole diagram. This would not be covari-
ant because of the (−g)1/4 factor[16]. This tells us that
with this choice of field variable (itself being rescaled),
one should build in a corresponding rescaling of Λ. The
rescaling of Λ which works is to replace the quadratic
dependence by
Λ2 → Λ2(−g)1/4 . (76)
This can also be seen in the renormalization of the cos-
mological constant which occurs with a mass. We derived
above the form of Eq. 46
√−gL = 1
2
∂µχ∂
µχ− 1
2
χ∂µχ
∂µh
1 + h
+
1
8
χ2
∂µh∂
µh
(1 + h)2
− 1
2
m2(1 + h)φ2 . (77)
This was used to argue that a non-derivative residual ef-
fect was possible. However, if you actually do the calcu-
lation, you get a non-covariant cutoff dependence. This
is readily seen, as the mass term comes with the factor
(1+h), so that after calculating the tadpole loop one gets
an effect proportional to
∼ m2(1 + h)Λ2 ∼ m2Λ2(−g)1/4 (78)
Again a rescaling of Λ would be needed to restore covari-
ance.
At second order in the curvature, we get the expected
covariant form
log Λ2
√−gR2 = log Λ2
[
(−g)1/4R
]2
(79)
from the bubble diagram. This is the physical term which
we would also get in dimensional regularization[17]. (Re-
call that one cannot distinguish R2 from RµνR
µν using
this metric because it is conformally flat and the Weyl
tensor vanishes.)
The point is not just that one can restore covariance
by this simple trick - that feature is a function of these
field variables. The larger issue is that cutoffs can be sus-
pect in General Relativity because of the lack of general
covariance. These calculations provide a simple example
of this difficulty.
It is also correct that the new interaction required
∆L = −i1
8
iδ4(0) log(−g) . (80)
is not generally covariant. However, this is designed to
cancel off a related Λ4 dependence and it disappear from
the final results.
VIII. DISCUSSION
Quantum field theory in a gravitational background
provides a technique for discussing the renormalization of
the terms in the effective gravitational action from loops
of matter fields. I have shown that a careful treatment of
free fields coupled to gravity shows that there are no Λ4
contributions to the cosmological constant when using a
8cutoff regularization. To implement this in a covariant
fashion requires a new interaction proportional to
iδ4(0) log(−g) . (81)
This vanishes in dimensional regularization, but is im-
portant in any cutoff scheme where the regularized value
of
δ4(0) =
∫
d4k
(2pi)4
(82)
is non-zero. The effect of the interaction is to cancel off
the naive Λ4 contribution to the cosmological constant.
Technically, this effect comes about because a con-
stant background field, 1 + h or Ω, can be absorbed into
the wavefunction renormalization of the fields, or equiv-
alently the normalization of the states. Non-constant
background fields then manifest themselves through
derivative interactions. In our examples, this was im-
plemented by a local field renormalization, with residual
derivative interactions. The path integral with the new
interaction naturally automatically this feature.
However, this can also be formulated as a symme-
try statement. For massless fields and zero momentum
transfer from the external gravitational field, all of the
Feynman diagrams in the effective action are scale-less.
There are no dimensionful factors in the loop integra-
tion, and the resulting action exhibits a scale symmetry
in this limit. Indeed for all the fields except the graviton
itself, this can be promoted to a local conformal sym-
metry. Introducing a dimensionful cutoff violates this
symmetry, and the new interaction is needed for symme-
try preservation[18]. Factors of the external momenta or
of particle masses would lead to the integrals containing
a scale. The cutoff dependence should then only enter
through these scale dependent features, which explains
why RΛ2 and m2Λ2 effects are not excluded.
This observation will not influence the calculation of
physical observables, as they are expressed in terms of
the physical renormalized values of the cosmological con-
stant and the Newton constant, and are independent of
regularization scheme.
However, it can influence our thinking. We often use
the cutoff as a way to represent the limit of our under-
standing of the effective field theory. For gravity by it-
self, we might hope that this could be used up to near the
Planck scale. A Λ4 contribution to the vacuum energy
would then be enormous. Removing this is often invoked
as a motivation for supersymmetry. Having equal num-
bers of bosonic and fermionic degrees of freedom would
lead to a cancelation of the Λ4 contributions. The moti-
vation for this cancelation disappears if the self-energies
do not generate Λ4 effects.
Perhaps more important is that cutoffs are often used
as proxies for energies in running couplings. For exam-
ple, in the present practice of Asymptotic Safety[9–13],
one uses a cutoff to separate the high and low energy re-
gions of the Euclidean momentum space. In contrast to
common use, the cutoff is used in the infrared to remove
low energy quantum effects. By varying that cutoff, run-
ning couplings are defined. In the version of the theory
where the action is truncated to the cosmological con-
stant and the Einstein term, the one-loop running of the
cosmological constant is given by[19]
Λ
∂
∂Λ
Λcc = − 1
4pi2
Λ4 . (83)
Because this is an infrared cutoff, the experimental value
is obtained when the cutoff is removed (Λ→ 0) such that
the solution is
Λcc = Λcc|expt − 1
16pi2
Λ4 (84)
with the UV fixed point for Λcc/Λ
4 being infinitely anti-
deSitter space. This running comes from the tadpole
diagram of Fig. 1(a). Here I have changed the notation
from describing the cutoff scale by the symbol k com-
mon in the AS community to the notation used in the
present paper, and to be precise this beta function re-
flects the cutoff function use in Ref. [12]. There is also
related Λ4 running due to matter fields [14]. While I have
shown [13] that this is not really a running coupling in the
usual sense[20], the work of the present paper suggests
that the Λ4 dependence is not correct. Moreover, the
larger Asymptotic Safety program has yet more than two
derivatives in the kinetic energy and interaction terms,
so that a further modification of the Feynman rules may
be needed for higher order truncations.
The vanishing of the Λ4 contributions does not mean
that the cosmological constant is not shifted by radiative
corrections. There are many other contributions. Even
using a cutoff, there are effects of order m2Λ2 which in-
dividually do not vanish. These are smaller than the
original Λ4 terms by a factor of ∼ 10−35, if we use
Λ ∼ MP , but are still enormous compared to the ex-
perimental value. To get these to vanish one needs the
equivalent of the supertrace relation∑
i
(−1)2Si(2Si + 1)m2i = 0 (85)
where Si is the spin of particle i, or
2
∑
f
m2f = 3(2M
2
W +M
2
Z) +m
2
H + ... (86)
where on the left are the fermions and on the right are
the bosons. Unfortunately this sum rule is not satisfied
with the Standard Model fields. The right hand side
sums to 0.8 × 105 GeV2 in the Standard Model. If we
assume that the neutrinos are Dirac particles (and hence
negligible in the sum) the left hand side is dominated by
the top quark (which counts with a factor of 3 for color)
yielding 1.8× 105 GeV2. A heavy Majorana mass would
make matters worse - one needs extra bosonic degrees
of freedom to make the sum rule satisfied. If a single
9scalar boson were to be added to bring the sum rule into
agreement, it would require mB ∼ 320 GeV. Perhaps in
theories of physics beyond the Standard Model, such as
dark matter, one could find a rationale for the existence
of such bosonic degrees of freedom.
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